EQUIVARIANT HOMOLOGY FOR 
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^S) ' Abstract. We compute the cyclic homology for the cross-product al- 

gebra A{M) XI r of the algebra of complete symbols on a compact man- 
I^*' ifold M with action of a finite group F. A spectral sequence argument 

shows that these groups can be identified using deRham cohomology 
of the fixed point manifolds S* M^ . In the process we obtain new re- 

pf-\ ' suits about the homologies of general cross-product algebras and provide 

explicit identification of the homologies for C°°{M) xi F. 






o 



S 



1. Introduction 

On a closed manifold M the (classical) pseudodifferential operators form 
an algebra ^°°{M). The space of smoothing operators ^°°(M) is then an 
ideal and the quotient A{M) := ^°°(M)/^-°°(M) is called the algebra of 
complete symbols. Let F be a finite group acting on M by diffeomorphisms. 
Then by push- foreword of operators F acts on \I'°°(M) and on A{M), namely 
if P be a pseudodifferential operator and g (zT, then 



> 

(N 

^ ; gMf) ■■= 9V{g-^f) V/ e C^{M). 

CN ' In this paper we compute the Hochschild and cyclic homology groups of the 

\f^ • cross-product algebra A{M) xi F. 

^D I Results on the cyclic homology for algebras of complete symbols over 

compact manifolds were obtained in [71 [27] . In particular, these homol- 
ogy calculations recover the noncommutative residue of Guillemin[16j and 
Wodzicki[27j. In a similar way among other things our culations of these 

^ ' homology groups tells us exactly how many linearly independent equivariant 

traces to expect on the algebra A{M) x F. These traces are computed in 
[13j where they are considered as equivariant generalization of the noncom- 
mutative residue Wodzicki[27j and Guillemin [16j . 

We shall begin with the motivation for our calculationss. 
As noticed in [13] that certain traces on the crossed product algebra 
A{M) X F can be considered as equivariant versions of the noncommuta- 
tive residue. To a generator Ag in A{M) x F and an equivariant oder 1 
positive elliptic operator D wone associates the zeta function 

(AgM^) ■■= TT{D~'Ag). 
By means of stationary phase analysis near the fixed points of the diffeo- 
morphism g, a meromorphic extension of these zeta functions to whole of C 
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with some simple poles can be shown. Then for a hexed conjugacy class (7) 
a trace on A{M) x F is obtained by 



9&I gG(r) 



Analogous to Guillemin [16] the equivariant traces can be used to obtain 
an equivariant Weyl's formula [], namely if 

Gamma acts faithfully and vr is an irreducibel representation of T then for 
an invariant operator T> 

E(_y dim Kl 

"multiplicity of vr in Fj." ~ \ord.r{T>) 
dim IT 

Other equivariant results such as an equivariant Connes trace formula 
as well as extensions of the logrithmic symbols based on a 2 cocycle in 
H'^(Siog{M) XI r) as in [?] can also be obtained from the above mentioned 
traces on A{M) x T. 

Here we are interesed in knowing the higher versions of these equivariant 
noncommutative residues. 

Our result is as follows. Let F^ := {g € F, (^7 = 751} be the centralizer of 
5 in F. Let k^ = dim{T*M'^). Then 

HHk{A{M) X F) = ^H^'^-^{S*A'P x S^f^. 
(7) 
Here the sum is taken over a set of representatives of the conjugacy classes. 
Also 

HCk{A{M) X F) = ^ififfc„2i(^(M) X F). 
i>o 

Our determination of these homology groups extend the results of [7], 
using also techniques from [8l |TT]. Interestingly, there are some qualita- 
tively new phenomena arising at the nontrivial conjugacy classes that are 
not expected from the non-equivariant case. 

The cross-product algebra B := A{M) x F has a natural filtration that 
comes from the order of the operators on A{M). We use the spectral se- 
quence associated to this filtration in our homological computation. The first 
hurdle here is that the associated graded algebra Gr{B) = Gr{A{M)) x F 
is noncommutative, unlike Gr[A{M)) which is commutative. Nevertheless, 
this algebra is the cross-product of a commutative algebra by a finite group, 
and as such it preserves many features of commutativity. In particular, its 
Hochschild homology has a description using differential forms on the fixed 
point sets of the elements of the group [3]. The differentials in the spectral 
sequence turn out to preserve this structure. The action of the first relevant 
differential, ^2, is similar to the one in the case without group action [7j, 
albeit technically different. Here one can exploit the structure of certain 
symplectic submanifolds of the the cotangent bundle. Moreover, the residue 
trace associated to each conjugacy class of F (provided that that conjugacy 
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class has a nonempty, connected fixed point set) will no longer have the 
property of being localized to a singly homogeneous component of the sym- 
bol in any coordinate neighborhood. This is in contrast with the usual case 
when there is no group action, the residue trace is localized on the compo- 
nent of homogeneity —n of the complete symbol. Moreover, the study of the 
equivariant residue traces requires a nontrivial use of the stationary action 
principle. 

As mentioned above, we need to know as explicitly as possible the Hochschild 
homology groups of C^{S*M) x F. In the process of these computations, 
several new results on these groups are obtained. These results fit into the 
general philosophy of noncommutative geometry that Hochschild homology 
is the analogue of smooth forms on a compact manifold and (periodic) cyclic 
homology is the analogue of deRham cohomology for manifolds. These re- 
sults are consistent with a famous theorem of Connes that computes the 
Hochschild and cyclic homology groups of C°°(M), the algebra of smooth 
functions on M. They are also consistent with the results of Baum and 
Connes [3] on the homology of cross-products by proper actions. 

2. Hochschild and cyclic homology for gross-products 

We recall the definitions for Hochschild and cyclic homology of algebras. 
We describe the properties needed, and set up our notation for the subse- 
quent sections. A reference for most of the results cited here is Loday[20]. 
Unless otherwise stated all algebras in this section are over the complex 
numbers and shall be unital. 

The Hochschild homology of an unital algebra A, denoted by HH^,{A) is 
the homology of the complex 'H*(^) := {A®^^^ ,b) where the differential h 
is given by 

n-l 



h{ao ® ai® a2® ■ ■ -(^ an) '■= 2J(— l)*«o ® ai(^ a2® ■ ■ -^ ajOi+i ■ ■ -dn 

+ (-l)"a„ao (8) ai (g) 02 (g) . . . (g) fln-i. 



i=0 



Let A be an algebra and F be a finite group acting on it by vr : F — > 
Auto{A). For most purposes, A will be a locally convex topological algebra 
with jointly continuous product. We define the cross-product algebra B = 
^ XI F as the algebra generated by elements of the form {agg\ag ^ A^g €iT} 
with the product given by 

agQ ■ bhh = agg{hh)gh. 

The Hochschild homology of B admits a natural decomposition. For every 
conjugacy class (7) of the group F, there is a subcomplex of 'H*(0) given by 

H^iA)^ = {{ag^go ® ag^gi (g) . . . (g ag„gn)\ g\.g2 ■ ■ ■ 9n-go G (7)}> 
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which yields the decomposition: 

We shah also use the notation L^{A, T, 7) for H^{A)'y if we need to specify 
the group T explicitly. 

Our aim is to first identify each of the homology of a conjugecy compo- 
nents T-L:^{A)^ with that of a certain twisted Hochschild complex. 

2.1. Twisted Hochschild Complex for Commutative Algebras. We 

consider a commutative algebra A. Let h be an automorphism of A. Let 
as usual A^ = A A. Consider the A^ module Ah with the same linear 
structure as A, but the module structure given by 

(a(Sib) ■ c = ac- h{b). 

Furthermore let us consider the complex C*(^)/i = 0-4.®""''^, 6/1, where 
the twisted Hoschild differential hh is defined as 
(1) 

n 

hh{aQ®ai®. . .(8)a„) = (ao^(ai)(8i. • .(8)a„)+2j(-l)*(«o'8. • .(g)ajaj+i(8). . .(8)a„). 

i=l 

In case of a group action on a manifold M we shall be able to very easily 
identify the homology of twisted complex C^:{C°°{M))h with the differential 
forms on the fixed point manifold M'^. At he same time the result in this 
cetion show that twisted homology gives the same homology as the conjucacy 
component n*{C°°{M) x r)(^). 

Then we have the following result. 

Lemma 2.1. We have C^{A)h ^ Tor-^''{A,Ah). 

Proof. Let n'^{A) denote the bar resolution oi A. That is, ni{A) = (^®"+\ 6') 
is the standard projective resolution of A by A^ modules. Consider the map 

V- : nniA) ^A- Ah -^ Cn{A)h 

'ip{ao (g) ai (g) . . . (g) On) ® a :^> {anah{ao) (g) ai (g) . . . (g) a„_i). 

Then we check that hh°''p = ipob' ®\, which means that ■0 is a morphism 
of complexes. The result follows from the fact that ip is an isomorphism and 
the definition of the Tor groups. □ 

Abstracty the above result can tell us that the twisted Hoschild complex 
C^,{A)h has the same homology as the conjugacy component 'H*(^)^/,^ but 
we are in the lookout for a concrete qusisiomorphism. 

To this end we start with another well known acyclic moddel. For any fi- 
nite group G, let /3G, (/3G)„ = C [ G x G x ■ ■ ■ x G] , be the complex endowed 
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with the differential 

n 

d{go,gi,...,gn) = y^j-lf (go, gi, ..., gi, ..., Qn), 

j=0 

where gi as usual means that the entry is omitted. This differential also 
comes from a simplicial object structure on pC It is well known that 

«.(^°) - { "o, '/>t 

and hence f3G is a free resolution for the trivial G module C. 
For any subgroup G C F, we define the complex 

Ln{A, G, h) := {C^{A)h)n ® PGn 

with induced simplicial structure and differential given by 
bh d(ao9o, aigi, . . . , a„g„) = (ao^(ai)9i, 02^2, • • • , angn) + 

n-l 

y^(-l)'(aogo, . . . , Uiai+igi+i,. . . , a„5'„,)+ 

{-!)"■ {anaogo,aigi ... ,an-ign-i)- 

As one would expect this L^{A,G,h) complex to be a simply connected 
cover of'H^{A){h)-{ See [23] for more detailed presentation.) 

An application of the Eilenburg-zibler isomorphism gives us the following 
result. 

Lemma 2.2. We have L{A,G,h) is quasi-isomorphic to C^:{A)h- 

Proof. By definition, L{A, G, h)n ^ fiGn (S) {C^{A)h)n- Thus by the Kiinneth 
formula and the Eilenberg-Zibler theorem, we have the following diagram: 

L{A, G, h) "'' CM)h , 



/3( 
where we have denoted 

7rG(ao9o, «i5i, • • • , OnSn) := (oq, ai, . . . , a„) 
and similarly, 

-K^ioQ, ai,...,an) ■■= (floe, a^e, ..., anc), 

and also the maps / and g are the maps for the Eilenberg-Zibler quasi- 
isomorphism, and vr is the projection on the first component. (The Eilenberg- 
Zibler isomorphism applies because the complex L{A, G, h) is obtained from 
the product of two simplicial objects.) That is, 

if / / 




vr((/3G).®C.M))-, ^^^^^ .^^^^^ 
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Since Hq{j3G) = for g > 0, vr turns out to be a quasi- isomorphism. Thus 
ttg and vr'^ are quasi-isomorphisms. D 

Let A he a, commutative unitial algebra with an action of a group V . 
Let h € (7) be an element of the conjugacy class (7) and C*(A)/j be the 
corresponding twisted complex under the action of h, then we can make the 
following identifications: 

Proposition 2.3. The conjugacy component of the Hochschild homology 
'Htf{A)h is quasi-isomorphic to C^{A)h '' ■ 

And the chain map G : T-L^:{A)/^\ — > C^:{A)f^'^ is given by the explicit 
formula 

(2) G{boho, bihi, . . . , bnhn) = 

pfT-r X] i^9oho^{bo), goih), ..., 50^1 • • • /in-i(^n))- 
go&h 

Proof. There is a covering map a : L{A,T, h) — )■ ^^{A)^ given by 

a(oo5fo, aigi, ..., Ongn) = [gn^aohgo, g^^mgi, ..., g'hiangn) 

= {9n^iao)gn^hgo, go'^(ai)5'o'^5i, • • • , gn\i"-n)g~\gn), 

which is a chain map. In fact, a is a morphism of simplicial objects and T^ 
equivariant. We would like to lift this map a from 'H^:{A)(^h) to L{A, T, h)^'^ . 

The map a above also restricts to a chain map on the qusi-isomorphic 
complex L(A,Th,h) which we denote by air^- -^^ explicit lifting is easy to 
construct for ar^ as follows: 

Define, for any gQ £ T^ a linear map Tg^ : L{A, Th, h) — > L{A, Th, h) by 
the formula 

Tgoiboho, 61/11, . . . , bnhn) = {hgoh^'^{bo)go, go{bi)gohi, ... , 

gohi . . . hi^i{bi^i)gohi ...hi, ... , g^hi . . . hn-i{bn)gohi . . . /i„). 
Then varify directly that 

TgoK - bTg^ = 0. 

Let us define the map T = t^ Yin er ^90- Clearly T maps L{A.Th,h) 

to L{A,Th,h) '\ We next observe that a oT = Id'^^/_^\ and T o a = 

^^L(A r h)^h and that T = a~^ and therefore must be a chain map. Thus we 

have established the following commutative diagram of qusi-isomorphisms. 



T 



C.{A)l^^^L{A,r,hf'^Z^^^M), 

,h). 




L{A,Th,h)^'^^^L{A^ 

T 
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Here F := a o vr'" : C*(^)^'' — > 'H^:{A)y is of the form 

(3) F{ao, ai, . . . , a„) = {aoh, oie, . . . a„e). 

At the same time the inverse qusi-isomorphism G := vrroT : 'H*(^)^^^ — > 
C^:{A)h is given by the formula ([2]) D 

Thus as a consequence we immediately have that 

nM){^) ^ C4A)l'^ ^ TorfiA,Ahf'^. 

As already mentioned earlier the computation shall be of interest in case 
of ^ = C°°{M). We now begin our efforts to show that in this case homology 
of C^:{C'^{M))h can be described by differential forms on the fixed point sets 

3. Local computations 

Let us now specialize to the case when the algebra A = C°°{V) is the 
algebra of smooth functions on a vector space V. and 7 : F — >• ^ is a 
linear transformation. In this section we shall identify our twisted Hoschild 
homology that is the homology of the complex C*(^)^ with the differential 
forms on the fixed point subspace V^. To this end it is it is most convienient 
to introduce the language of Kasul complexs. 

3.1. Koszul Complex. Let Rhe a commutative ring. Let fi, f2 ■ ■ ■ fq ^ R- 
Let {vj} be a basis for C^. We define the Kasul complex of R generated by 

/l,/2,---,/g by 

)Ci{R:fi,f2,...,fg)=R0A'a 

5{r®Vi^ Avi^ A... Avi^) = ^(-1)^ (r/,- (g) u^^ Avi^ . . . AvT^ A . . . AWjJ. 

i=i 
This differential arises naturally from a simplicial module structure. We 
observ3e the following properties: 

Lemma 3.1. (1) Let R, R' be two algebras over C. with S C R and 
S' C R' be subsets. Denote byS\JS' = S^lUl^S'cR(E)R'. 
Then 

1C,{R (g) R' : S]JS') = K,,{R : S) /C*(i?' : S'). 

(2) Let V = M."-. Let A = C°°{V), and let Xi be the coordinate functions 
on V . Then 

ng{ic4A:{x,yu)-- 

Proof. Since the differential comes from a simplicial object structure the 
first fact is a consequence of the Eilenberg-Zibler theorem. 

The second fact follows from Poincare lemma and properties of Fourier 
transform. D 
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3.2. Linear Action on R*^. Given a linear transformation 7 of a real vector 
space V we decompose V into fixed point subspace V^ and an invariant 
complement (1 — j)V, 

y = yT e (1 - 7)1/. 

We come now to the main result of this section which is the local version 
of our desired result. 

Theorem 3.2. Let -y be a linear automorphism of the algebra A = C°°{V). 
The homology of the twisted complex {Cif{A)^,h^) is then given by the space 
of forms on the fixed point V^ 

and the identification is T equivariant. 

Proof. Let Cj be a basis of V such that Cj E V"' for 1 < i < m and Cj G 
(1 — ^)V for m + 1 < i < n. Let Xi denote the corresponding coordinate 
functions. 

Consider the Koszul complex, 

/C,(^^:{Xi®l-l®Xi}ti) 

which is a projective resolution of A over A^. And hence by Lemma |2.H 

C^A)^ ~gi JC^iA" : {Xi (g) 1 - Kg) Ai}^=i) (g)^e A^. 

Observe that /C* {A'^ : {Xi (g) 1 — 1 (g) Xj}^^^ ) (g)_4e A^ can be identified with 
another Koszul complex namely, IC^:{A : {Xi — ^{Xi)}) via the map 

"0(0 (g) 6 (81 1'ji A . . . A f i, (g) c) = a^{b)c (g f i^ A . . . A Uj; . 

This results in the following diagram. 

{A^ ® A' y) ^A^ A ^^ (^' ® A'"^ V) ^A-^ A — - • • • 



^iA®^'v) — -M«)A'"') -••• 

Let R = C°°(y') be smooth functions on the fixed point manifold V^ and 
let R' = C°°((l — 7)1^) be smooth functions on the invariant compliment of 

Since ^ = C7°°(y) = C°^{V^)^ C°^ {{I- -/)V) = R(gR', hy Lemma^Mi 



K{A : {A, - 7(^i)}r=7) = K^iR ■■ {^^ - liX^)}T=l)® 
/C(i?':{A,-7(A,)}r+^,+i) 

^ IC{R : {0}) )C{R' : {X.JTJ;^^,] 

Now by applying Lemma [3. 1121 to K.{R' : {Aj}^^_,_j^), we have 
(4) ICiA : {A, - 7(^.)}r=7) = ^(R ■■ {0}) ^ ^{V^). 
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Here the last identification is due to the following theorem, which we 
formulate only in the (T-compact case, for simplicity. 

Theorem 3.3 (Connes' HKR Theorem). Let X be a smooth, a-compact 
manifold. Then the Hochschild homology of the algebra A = C°°{X) is given 
by the differential forms on X . The map 

Xki<^o (8) ai (8 . . . ® a/j) — ;■ aodaida2 ■ ■ ■ da^ 

inducers an isomorphism 

HHkiC°°{X) = n''{X) 

Proof. Let us consider X = M", which is sufficient to prove the equality in 
m It is easily seen that the map x is a chain map. We define the inverse 
map (which is only well define on the homology) 

Ek{aodaida2 . . . da^) = tj X] sign{7r){ao ® a,r(i) ® avr(2) '^ ■ ■ ■ <S a^(fc))- 
Then the following diagram commutes. 

Xfe 

n''{W) ^ L TikiA) 



Xfe-i 

Ek-i 
Then the map Xk induces an isomorphism 

The case of a closed manifold X will be proved in the next section. D 
Thus combining all this information we get the following diagram. 
C^A)^ ^ n^A) (E>A- A^ ^ Tor-^'"{A,A^) 




n*{V^) -^ ]C{A^ ■.{Xi(^l-l(g, Xi}) 

We note that all the maps involved are T equivariant. D 

The following result now follows immediately by Proposition! 



Corollary 3.4. Let T be a finite group acting linearly on A = C°°{V) and 
B = A><iT. And let 7 G T. Then the (7) component of Hochschild homology 
HH{B)^ is given by 

HH,{B)^ = n{V'^f-'. 
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4. Localization with Groupoids and Sheaf 

We return to the situation where A = C^{M) si athe algebra of smooth 
functions over a closed manifold M and T acts by diffeomorphisms. In this 
section we shall obtain the "normalized complex" for the Hoschild homology 
of our cross-product algebra C°°{M) x T. To this end we identify the cross- 
product algebra as usual to the convolution algebra over the transformation 
group old M XI r. The normalized complex thus provides a complex of sheaves 
that reduces the calculation of Hoschild homology to the previous example 
of linear action on euclidian space. 

Recall that the transformation groupoid as a space is just G = M xT := 
{{x,g)\x € M , g € T} with units M and the source, the range and the 
composition maps given by 

s{x,g) = g^ .X and r{x,g) = x 

{x,g).{y,h) = {x,gh) when x = g.y 

and the inverse defined by {x,g)~^ := (g~^a;,g~^). The convolution algebra 
of G is the space C°°{G) with the product given by 

fi*f2ix,g) ■.= ^h{x,h).f2{{x,h)-^.{x,g)) 
her 

We can identify the cross-product algebra B = C°°{M) x T with the 
convolution algebra C°°(G), by the map 

C-(G)9/^^/ggGC°°(Af)xr 

with fg{x) = f{x,g). 

This leads to another description of the Hochschild and cyclic complexes 
for B. First define $ : fi^'^ ~ C~(G)®" -^ C°°{G'') as a map of nuclear 
Prechet algebras by 

^{fo® h ® ■■■ (8)/n-i)(ao,oi,...a„_i) = /o(ao)./i(ai) . . . /„_i(a„_i), 



where fi € C°^{G) and Oj := {xi,gi) G G. Then $ is an isomorphism [15j . 
With this in mind, the Hochschild differential takes the form 

5(F)(ao,ai,...,On-i) 

n-2 

1=0 -ygr 

+ (-1)''"^ Yl ^(i^'^^o, 7~^9o),ai , . . . , an-i, {xo, 7))- 

It turns out (see [8]) that the normalized complex for the convolution al- 
gebra C°°{G) provides a complex of sheafs of germs of smooth functions 
over certain "loop spaces". To observe this let us denote by B^"' C G"^^ := 
{(ao, ai, . . . ,an) \ s{ai) = r(ai+i)VO < i < n} the space of loops in G^~^^ Here 
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and through this section we shall use the convention 77, + 1 = while talking 
about the loops space B^^^. For example, B^'^' = {{x,g) G G\g~^x = x} is 
the disjoint union of the fixed point manifolds. 

Lets denote by Z„ the submodule (in fact an ideal) of C°°(G"'^^) defined 

by 

:!„ = {/£ C°^(G"+i) I supp(/) n i?(") = 0}. 

Then we have the following result. 

Proposition 4.1. The complex (X„,&) is an acyclic subcomplex of T-LniS) 
and hence the quotient map B^"'~^^ — )• B®^^^ /Xn is a quasi-isoniorphism. 

Proof. Let ^"^ C G^~^^ = {(ao,ai, . . . a„)|s(ai) 7^ r(aj-|_i)} be a sequence 
of open sets. This yields an filtration of the complex ;g®"+i as 

i 

Also, let Fi0®"+i := F„i3®"+i for i > n. Then Fi is a filtration on the 
complex (X„,6). We can check that in the corresponding spectral sequence 

£^° = {®Fi+i/Fi, h) is acyclic. D 

Thus the Hochschild chains are reduced from functions on G"^^ to germs 
of function near i?'"-*. Denote by in : B^^' — > G"^^ the loop inclusion map 
{x,g) -^ {{g~^x,e),{g-^x,e),... {g~^x,e)). Let 

J-„ = 7;iC'-(G"+i) 

be the pull-back of the sheaf of smooth functions on G"^^ to B{n).. 

To make a more geometrical identification let us benote by the projection 
vr : S^'^) ^ B(o) defined by 

7r((xo,5o), {Xl,gi), ..., {Xn,gn)) = {xq, go).{xi, gi) • • • {Xn,gn) 

= (a^o, 50-51 ■■■9n) 

is a local homeomorphism. It is in fact a diffeomorphism on when restricted 
to each connected component. For a fixed u = {go,gi, ■ ■ ■ ,gn) ^ r"+^, let 
7 = 9091 ■ ■ ■ Qn and let Bu denote the component of B^"^' consisting of 
{(3^0) ffo)) (a^i, ffi), . . . , {xm 9n) G -B'")}. Then vr maps Bu diffeomorphically 
onto B\ ^ M^ . Noting again that B^^> is just the disjoint union of the 
fixed point manifolds, we have the following. 

Proposition 4.2. The pull hack of the sheaf Tn under the local diffeomor- 
phism IT : B^'^' —7- B^^> gives an isomorphism 

T{B^^\TT'^Fn)=B®^+^/Zn, 

as vector spaces. 
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Proof. Every point u G B^'"^' has a neighborhood Wu in G""^^ which is diffeo- 
morphic to V"'~^^ for some Small enough neighborhood V of s{an) = g^o,n 
in G. One possible identification can be Wu = {V,go) x {goV,gi) x ... x 
(5051 • • • S'n-iK ffn)- Then this diffeomorphism gives a map ^ : C^o^y'+i) _>. 
C°°{Wu)- Thus after covering i?^"^ with small enough neighborhoods like 
Wu, would match the global sections in r(i?'"\ 7r~^J-^„) to functions smoothly 
supported in some neighborhood of B^""' in G"'^^. D 

Using the proposition above, one may obtain a sheafified version of Propo- 
sition [23] with an induced differential on J-'„. 

Remark 4.3. At each a = (x,7) G B^°\ the map (f> : (:°°(y"+i) ^ C'^{W) 
defined above induces an isomorphism (pa on the stalks {J-n)a — C°°{M)®^'^ 
to the stalk {C°° {G^'^^))u,a...a) of the sheaf of smooth functions which are 
germs of smooth functions on G""*"^ at {a,a,a . . . ,a). And this isomorphism 
on the stalk is given by the formula 

(Paik ® /l ® • • • ® /n) ^ (/07 ® /le «) . . . O /nC). 

Under at every point (3;, 7) G B^^' the stack {J'n)ix,j) have a simplicial 
structure given by the differential b^ from Equation ([T|) and the map (/> is a 
chain map. Using Corollarv l3.41 we can compute the homology of each stalk. 
In the following section, we study the properties of sheaves of complexes 
for which a quasi-isomorphism on stalks give global quasi-isomorphisms on 
complexes of global sections. 

4.1. Sheaves. Let X be a compact Hausdorff space. A sheaf S on X is 
called flabby if for any open set U (^ X, the restriction map 

resx[/:r(X,5) -^ r{U,S) 

is surjective. 

Let JChea sheaf of unital algebras on X. In particular, we assume that the 
restriction maps are unital (1 G T(X,IC) and the image under restriction 
resxui^) is ^ u^^i* ^^ r(C/, /C)). We say that the sheaf AT has a partition of 
unity, if for any locally finite cover [/„ of X there exists ^a G r(X, /C) such 
that 

(1) supp($q) C [/„. 

(2) Ea^a = 1. 

Let J-'i be fiabby sheaves of /C modules. By this we mean that for any 
open set U <^ X, the space of sections T{U,Ti) is a modules overr(C/, /C). 
Let 

do dj d2 

F = J^Q -^ J^i -^ F2 -^ 



be a sheaf of complexes such that each di is /C— linear. 

Lemma 4.4. .■ Let a be flabby sheaf of complexes J- over a sheaf of unital 
algebra K. If IC has partition of unity then 

r(X, 7^,(7-)) ~ n,{T{X,T)). 
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Proof. Let b G r{X,J^,) be such that d^ (b) = 0. So [b] G ■H4r{X,T)). 
For any open set U (^ X, define 

b^ = resxuib) and [b^] G r{U,n^{T)). 

Then for any open cover {Ua} of X, 

res^.,^.n^,([6^'^]) = [6^-nc/,] = res^/^c/.n^, (I^'"'']) ■ 

Hence there is a global section <f>(6) G r(X, ■H*(J-'). It follows from the 
definition that <I>(6) depends only on the class of [b] G ?{*(r(X, J")). 

The map $ above H*(r(X, J")) ^ r(X,'H^(7')) is always defined. We 
now prove that under our assumptions on A; G J-", it is in fact an isomorphism. 

We construct an inverse as follows. Choose an open cover Ua and a sub- 
ordinate partition of unity $a- Let a G T{X,'H«{T)) and a^ = resx(7a(o) S 
r{Ua,'H^:{T)). Pick representatives ba G r(C/Q,,J^^,) with [ba] = aa- Since 
J> is flabby, there exists a 6q G r(X, J>) so that resx(7c(^a) = ba- 

Let 61 = E^a^'^ e r(X, J"*). Then d*(6i)|[/^ = and hence d^b) = 0. 
For any other choice of representatives and partition of unity or cover, we 
can see that the class of 61, [61] G 7i^{X,J^), is independently defined. We 
say that o"(o) = 61, and from definition of a and ^, they are inverses of each 
other. n 

5. Smooth Manifolds 

Let M be a closed manifold. We are now ready to find the Hochschild and 
cyclic homology of C°°{M) x P using localization argument and the results 
for M" of the previous sections. 

Recall that for every conjugacy class (7) of the group P, there is a subcom- 
plexof?{*(S) given by 'H^,(;B)^ = {{og^go'S'ag^gi^. . .®ag^gn)\gi.g2 ■ • •S'n-5'o e 
(7)} and which yields the decomposition : ■H*(S) = ©/^\ T-L^iB)^. 

Fix a conjugacy class by choosing a representative 7. We denote by P^ 
the stabilizer of 7 in P. Also if 7' G (7), then we denote by S^^i = {k G 
P I 7 = k-i'k-^}. Define a map xl ■ 'H*{B)^ ^ QiW^) from the Hochschild 
complex to the forms on the fixed point manifold, by 

xliio^goOo «> ag^gi (8) . . . ® ag^gn) : = 

|r~| ^ 7hgQ'^{ao)dh{ai)dhgi{a2)...dhgig2...gn-iian)\ 

where 7' = gig2 ■ ■ ■ S'nS'o- Then Xn°b = and Xn° B = dMi is the de Rham 
differential on M'^. 

Theorem 5.1. The Hochschild homology of the complex 7i^{B)^ is iso- 
m,orphic to the P^ invariant forms on the fixed point manifold M'^ . More 
precisely, the map 
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is a quasi-isomorphism between {'Hn{B)'y,b) and {^"^{M^) '^ ,0) 

Proof. By Proposition SH the map $ : ?^*(B)^ -^ (r(5^°\ J"^^), 6^) is an 
isomorphism. The sheaves Tn are flabby and are modules over the sheaf of 
invariant functions R = (L°°{M) . This is the sheaf associated to the presheaf 
U -^ C°°{Uyi. Also the differentials h^ are (r°°(M)^-linear. Similarly, the 
sheaf of differential n-forms $!„ too is a flabby sheaf of ^ modules. Then 
by Theorem 13. 3^ the chain map Xn(aO) ai, • • • an) — > aodai . . . dan is in fact 
an quasi-isomorphism on each stalk and inverse (defined only on homology) 
given by 



Ek{aodaida2 ■ ■ ■ dak) = tt /^ sign{Tr){ao"f (g) 07^(1)6 (8) d^ 



7re6fc 



(2)e(K)...(^a^(fc)6 



By Lemma |4.4| x is an isomorphism from 

Thus the theorem follows by observing that Xn = X° ^- ^ 

Theorem 5.2. 

HCkiB), = n'{M'')^''®H^;'j,^jM^)^^. 

j>0 

Proof. Since x '■ {B^{B)^,b,B) -^ {^*{]VP)^^ ,0,d) is a map of mixed com- 
plexes which is an isomorphism on the columns by Theorem 15.11 above, 
X"^ must be an isomorphism on the total complexes of these mixed com- 
plexes. D 



Corollary 5.3. 



FP,(s), = ^//i-^;_(M^)r^. 



Proof. Since HHn{B)^ = for n > dim(M), the periodicity map S : 
HCn+2{B)'f -^ HCn{B)^i is an isomorphism by the SBI-exact sequence. In 
particular, \^HC,{B)^ = Ej&H^eRh.JM^)^' ■ Also l^^CC^B)^ = 
0. D 

6. TOPOLOGICALLY FILTERED AlGEBRA 

The algebra of complete symbols with the topology that is described be- 
low, is not a topological algebra in the above sense because the multiplication 
is not jointly continuous. Hence we need a larger category, namely that of 
topologically filtered algebra defined in [4]. Let ^ be a algebra with filtra- 
tion A = Upez-^p-^- That is to say, each J^pA is a subspace TpA C Tp+iA 
and the multiplication map takes J-pA x J-'qA — )• J-'p^qA. We would say that 
^ is a filtered algebra for short. 

Since, by definition, TqA is a subalgebra of A and T^iA is an ideal of TqA, 
A4o := TqA/T-iA is naturally an algebra and each A4p := TpA/J^p-jA is 
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a module over Mq. Similarly, X := f^ TpA is an ideal in A. We call our 
algebra a symbol algebra if T = 0. We only consider symbol algebra for now. 
That is, if A' is any filtered algebra, we consider the algebra A = A' /I. 

Definition 6.1. We say that a filter algebra is topologically filtered if 

(1) ^ is a symbol algebra, that is X := {^ FpA = 0. 

(2) Each Mp = J-pA/J-p^jA is a nuclear Frechet space for all p and each 

3- 

(3) Each module map M^p^M.^ — )■ -Mpj^q induced by the multiplication 
in A is continuous. 

We call an element P ^ J-iA elliptic if it is invertible and P^ G 
J-nA for all integers n. 

(4) There exists an elliptic element such that the map FnA/ Fn-iA 3 
[P"] — > P" € TnA gives a linear splitting of Fn~iA ^^ TnA —^ 

-' nV^/ -' n — 1 ^ • 

If ^ is a topologically filtered algebra then using the existence of an elliptic 
element, we have 

= Tp-2 © J^pA/Fp-iA © Tp-iA/ Fp-2A 
= Tp-2 © TpA/Fp-2A. 
Since X = 0, by repeating the iterations, we obtain 

FpA = ^m Fj,A/Fp-kA = W FjA/Fj-iA. 

j<p 
We use this description to endow TpA with the projective limit topology 
from the Frechet topologies on FpA/Fp-kA. A is then endowed with the 
inductive limit topology from A = lim TpA = W FpA/ J^p-iA. Since strong 
inductive limits of nuclear spaces is nuclear, the topology on A is nuclear. 
We call the resultant topology the weak topology on A. (The inductive 
limit topologies are 'strong' topologies. The nomenclature here is to distin- 
guish the inductive limit topology on A with yet another topology which 
is stronger.) Since .A is a filtered algebra Aq := TqA is a subalgebra and 
further A-i := F-iA is an ideal in ^o- By AxiomHJ each Ai = FiA/ Fi-iA 
is a module over ^o = Aq/A-i generated by a single element [P*]. 

Proposition 6.2. The multiplication in A is separately continuous with 
respect to the weak topology. The multiplication is jointly continuous on the 
subalgebra Aq = TqA. 



Proof. First we prove that multiplication is jointly continuous on ^o- This 
is an immediate consequence of universal property of projective limits. Since 
the multiplication map on J^oA/J^-^jA®J-^qA/J^-jA — > TqA/T^jA is con- 
tinuous for each j, by composition there is a continuous map 

(j)j : fcii ToA/J='-jA(g)]^m TpA/T-jA -^ TqA/T-jA. 
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Using the universal property of lim , there is thus a unique continuous map on 
(j) : lim ToA/T^jA^lira TqA/T^jA — )• hmToA/T^jA = Aq. To complete 
the proof, we must verify that the map (j) is indeed the multiplication map. 
But multiplication on Aq composed with the projection Aq — ?> J-'qA/J-iA is 
just the map (j)j above and hence the multiplication must be (p by uniqueness 
(as algebraic maps) on the projective limit. 



ToA/T-jA'§TqA/I'-jA ■ 



-^ ToA/J^-jA 



^m ToA/J^-iA^]^m ToA/T^jX s- ^ Ff^A/T^jA 



The separate continuity of the multiplication on A can be proved 
similarly. 



D 



Although a topologically filtered algebra ^ is a nuclear space and the 
completed projective tensor product A®^ is again nuclear by Proposition 
16.21 the Hochschild boundary map h may not be continuous on ^®". We 
could define a Hochschild complex for A in the following fashion. 

Let 

K-= ^ Tp^,A®Fp^A^ . . . ^Tp^A. 

J2Pi<P 

Let J-pCn{A) := ]\inJ-''/J-''f. Then the differentials b and b' are continu- 
ous on each filtration. And if 1 € J-qA then the operators s,t,N and B 
induce continuous maps on J^pCn{A). Denote by FpHH^,{A) the homology 
of the complex TpC.^{A). We define the Hochschild homology of A to be 
HH^{A) = lir^TpHH^A). 

Since it is often useful to use spectral sequences to compute homologies for 
such filtered algebras, it is useful to describe the topology on the associated 
graded algebra of A by using the identification 

N 



GiiA) = In^ TpA/Tp^iA. 



p=-N 

And the topology on the Hochschild complex for Gr{A) is defined by 
-HniGTiA)) := Im^i I TpA/Tp-iA 

.p=-N 
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Again the Hochschild boundary map would be continuous with respect to 
this topology. The homogeneous components of Qr{A) can be defined by 

N 

nn{gr{A))p :=lii^ ^k,J^k,A/J^kj-iA, 

p=-N 

where — N < kj < N and > ki < p. 

The following examples are of interest. The algebra of complete sym- 
bols A = ^°°(M)/^"°°(M) on a closed manifold M is a topologically fil- 
tered algebra with the filtration given by the order of an operator A = 
Ur„^™(m)/^~°°(M). If P be an elliptic operator in ^^1{M) then the 
principal symbol map p := cr{P) — >• P defines a splitting of ^'""^(M) ^^ 
^"^(M) -^ C°°{S*{M)pm- Furthermore each ^™(M)/^™^-'(M) is isomor- 
phic to r°°(5*M X C^' : S*M) and hence has a Frechet topology. As de- 
scribed before we would topologize A by 

A = ^lii^^'"(M)/^'"-J(M). 

Its important here to note that the multiplication on the algebra of complete 
symbols is not jointly continuous , but only separately continuous. 
From above it also follows that 

gr{A) ~ ©„,6zC°°(5*M)p"* = C^{S*M) C[p,i>-1]. 

7. Homology of Complete Symbols 

Let A be the algebra of complete symbols on a closed manifold M, that 
is, 

A{M) = ^°°(M)/^~°°(M) = y ^'^(M)/^-°°(M) = IJ J-„v4(M). 

m m 

A group r acting smoothly on M induces an action on the algebra A{M) by 
(7,^) — >■ 7^7"-*^. This action preserves the filtration on the algebra A{M). 
Thus the algebraic cross-product algebra B{M) = A{M) x F is again a 
filtered algebra with induced filtration 

TmB{M) = TmA{M) X F 

. We would compute the Hochschild and cyclic homology of B{M) using the 
spectral sequence associated with the above filtration. But first we prepare 
some background in the symplectic structure of the cotangent bundle T*M. 

8. Symplectic Poisson Structure 

Definition 8.1. Let {X,u}) be a symplectic manifold. A submanifold i : 
Y ^^ X is called a symplectic submanifold if the pull-back i*uj is a symplectic 
form on Y. Since i*uj is certainly a closed form, it is only required that it is 
non-degenerate on y to be a symplectic form. 
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A symplectic form on X gives rise to a Poison structure on C'^{X). For 
/ € C°°(X, M), the Hamiltonian vector field generate by / is the unique 
vector field Xf such that df = i{Xf)uj. Poisson structure on X can now be 
defined by 

{f,g}x=uj{Xf,Xg) V/,5GC°°(X,M). 
9. Normal Darboux Coordinates 

Let X be a symplectic manifold and y be a symmetric submanifold at a 
point x E y. The tangent space TxX decomposes to 

IxX = 1x1 © Ix^ 1 

where TxX is the symplectic orthogonal to TxY . Let TY be the subbun- 
dle on y with fiber TxY at each x. We call TY as the symplectic normal 
bundle. 

For a submanifold Y oi X, we define the inhalator TY of Y is the 
subbundle of the pull-back TX^y defined by 

TY^ = {Y e r°°(rx)|y such thatw|y(x,Y) = 0, vx G r~(Ty)}. 

The following lemma states that symplectic Poisson structure on M natu- 
rally restricts to the symplectic Poisson structure on a symplectic subman- 
ifold N. 

Lemma 9.1. A submanifold Y of the symplectic manifold {X,uj) is sym- 
plectic if and only if TY^ n TY = 

We assume for the rest of the section that X is a symplectic manifold and 
y a symplectic submanifold of X. 

Let U{xi, . . . , Xn, ^1, . . . , ^n) be a Darboux coordinate chart at x in X. 
We say U is normalDarboux chart if 

UnY = {xk+i = ■■■ = Xn = = Cfc+i = ■■■ = Cn} 
and 

UnY is a trivializing neighborhood of TY^ such that (x^+i, . . . , x„, £,k+i, • • • , Cn) 
give a trivialization. This is to say 

U^T{UnY)^. 

We use the short hand U{xi,X2,^i,^2) with xi = {xi, . . . ,Xk) and X2 = 
(xfc_|_i, . . . ,Xn) and so on. 

We consider TY^ as the default normal bundle to y in X. Any local chart 
at a point x ^ Y would trivialize TY^ on Y. li <p : Z//(xi,X2,^i,^2) — ^ 
Z^(yi;y2;'?si,?7S2) be a change of normal coordinates then it is a bundle 
map 

(/> : T{ur\ Y)^ — > T{u n y)^ 

(and hance is linear in X2 and ^2)- 
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Proposition 9.2. Let Y be a symplectic submanifold of X . Then there 
exists an extension C^{Y) — > C°°{X) denoted by f ^ f such that 
{/, 9}x^y = {/, g}Y for all f,gG C^{Y). 

Proof. Let {Ua} be a cover of Y by normal Darboux coordinates. Assume 
that UqC/q is a tubular neighbor of Y and (pa ~< Ua r]Y is a partition of 
unity subordinate to this cover. 

In each coordinate chart, let tTq : Ua — > UaCiY he the projection along 
the symplectic orthogonal. For a function /, define /i = Yla '^a*[4>af) 
and extend /i to f on X. [Choose an open set U that separates Y and 
X — UaUa C U , and further use partition of unity.] 

The process of extension is independent of the function /, and Poisson 
bracket can be compared in local charts to check the property required from 
the extension as Poison bracket in any Darboux coordinates is given by 

if ]. = V-^— -— — 
U'5I Z-.dxidii diidxi 

U 

We call an extension C°^iY) — > C°°(X) a symplectic extension if for all 
/, 5 G C°-{y) the identity {/, g}x^^ = {/, g}Y holds. 

Let r be a finite group acting on X by diffeomorphisms, and let Y = X^ 
be the fixed point manifold for some 7 G P. Then P acts on T*X by 
symplectomorphisms. We would identify T*Y = T*{X^) with {T*Xy'. 

Corollary 9.3. For the inclusion of the symplectic submanifold T*X'^ ^-^ 
T*X, there exists a symplectic extension which is P^ equivariant. 



10. Canonical Homology of Symplectic Manifolds 

Let X be a 2n-dimensional symplectic manifold. Let / : T*X — ?> TX be 
the isomorphism induced by symplectic form oj, namely, if a G T*X and 
^ € TX then (a,^) = u}{S,,I{a)). Then Poisson tensor on X is defined as 
G = — A^ I{io). Let i{G) be an interior product by G, that is to consider a 
bilinear pairing G : T*X x T*X -^ C°°(X). For all k > 0, denote by A^G 
the associated bilinear pairing a'^G : A^T*x x A^T*X — > C°°{X), which is 
(—1)'^ symmetric. Then G can be used to define the Poisson structure on 
X instead as {/, 5} := i{G){df A dg). Set vx '■= w"/n! as the volume form 
on X. The symplectic * operator is the map * : Q^[X) -^ ri^"~''(X) which 
is defined by 

/3 A*a = A^G{fi,a)vx- 

Definition 10.1 (Koszul complex). Let 5 = i{G) o d — do i{G). Then 
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and is defined in local expression as 

difodh A . . . A d/fc) = Yl (-l)'"H/o, n}Mdfi A...Adf,...Adfk 

l<i<k 

+ Yl {-iy^'''fod{fi, fjJM AdfiA...df,A...Adf,A...Adf,. 
l<i<j<k 

Then (5^ = is in fact a difi'erential and we call the coniplex(0*(M), 5) as 
the Koszul complex of the Poisson manifold (M < {}), and its homology as 
Poisson homology and denote it by HK^{M). 

Although 5 can be defined for any Poisson manifold, we would restrict to 
the symplectic case. The following results were proved in [6]. 

Lemma 10.2. X he a symplectic manifold. Then 5, d and * satisfy the 
following relations, 

(1) // a G ^^[X) then **a = a 

(2) 6 = (-l)'=+i * d* on n''{X). 

(3) d6 + 6d = aa a map on Q''{X). 

A direct consequence of the lemma above is the following. 

Proposition 10.3 (The Poisson Homology of a symplectic Poisson mani- 
fold). Let {M,u}) be a compact symplectic manifold of dimension 2n. Then 
(_l)fc+i^ is a chain map between {Q^{X),6) and {Q'^'^~'^{X),d), and the 
symplectic Poisson homology is given by 

HK,{M) = Hl:-l^{M). 

Now let X = r*M/{0} be the cotangent bundle minus the zero section. 
Then there is a M"*" action on X. Let H be the Euler vector field on X = 
T*M/{0} generated by the cation of M^. The canonical one form on X 
is the form a = i{E)uj. Let e(a) : il'^(X) — )• Q,^^^{X) be the exterior 
multiplication by a. We would find the following result useful. 

Lemma 10.4. Let Cy denote the Lie derivative with respect to a vector field 
Y. On k- forms fi*^, the operator 

6e{a) + e{a)6 = C's + n — k 
In particular, if /3 is a k-form which is homogeneous of degree I, then 

11. Spectral Sequence for the Cross-Product 

We come back to B{M) = A{M) x F = ^°°(M)/*-°°(M) x F the cross- 
product algebra. Since the group action on A{M) preserves the filtration, 
B{M) would again be a filtered algebra TiB{M) = TiA{M) x F. Let P 
be a positive elliptic operator invariant under the F action. Let p be the 
symbol for P. Then for any Q E J^rnA{M) an order m operator, the map 
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TmA{M).J^^_iA{M) 3 [Q] -^ [Q]//0™|5*M G C°°{S*M) identifies the two 
Frechet spaces. The associated graded algebra would then be 



gT{B{M)) ~ 0c^(r*Af/{o}) 

0(C°°(5*M) xr)p'~C°°(5*M) >^T(g,C[p,p-^]. 
i&z 

To compute the Hochschild homology of B{M), we consider the spec- 
tral sequence associated to this filtration. The E^ term in the Hochschild 
homology spectral sequence of B{M) would be 

E^ = HH,{gr{B{M))) ~ HH,{{C°°{S*M) x T)®C[p,p~^]) 

which, by Theorem [331 can be identified as E^ = ®{-y)tl*{T*M /{{)}'if'< = 
©/^\i?i;. The theorem below describes the d} differential under this identifi- 
cation. 

Theorem 11.1. For every k >0, we have the following diagram 

El^ = HHk{gr{B{M)])^ ^ ^ n'^{T*My{0}) 



El_^^=HHk-iQr{B{M)))^-^^tl^~\T*My{<d}) 
where the differential 5 is given by 

6{fodfi A...Adfk)= Y. (-l)'"H/o, fih'M^dfi A...Adf^...Adfk 

l<i<k 

+ Yl {-ly^'~^fod{f^,fJ}T*M^AdflA...df^A...AdfjA...Adfk. 

l<i<j<k 

Proof Let fi G C°° {T* A^ / {0}) , < i < k he homogeneous functions of 
degree pi and T^ invariant. Let p = po + pi + . . . + pk- Also, let 

C = fodfidf2 ...dfke n'^iT*My{o}). 

Then the k-form ^ is defined on the cotangent space minus the 0-section of 
the fixed point manifold M"' is homogeneous of degree p, and is F^ invariant. 
More importantly, ^ generates Cl (T* M"^ / {0}) . By the isomorphism (llip . it 
gives a class in H Hi^{C°° {T* M / {0}))^ represented by 

EkiO = Y ^(^).^o7 ® /7r(i)e (^ /^(2)e ... /^(n)e, 

where fi is a symplectic extension of fi. Since F^ action on T*M/{0} are 
through symplectomorphisms, the extensions fi are in fact invariant exten- 
sions of fi to whole of T*M/{0}. We only have to check that 6 = x°d^ ° E. 
To evaluate d^ on H H^{Qi{B{M)))^ , we must lift the form ^ to a tensor. We 
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now choose operators Ao,Ai,... Ak G Tp^A{M) = ^P'(M)/^-°°(M), which 
are F^ invariant and such that cr(Aj) = fj. (This can be done by averaging 
on a r equivariant spHtting of a.) Using the above choice of Hfting, 

On applying b the Hochschild differential, there are three different kinds of 
expressions for each tt £ Sk- So the resultant expression can be broken up 
as the sum of 

A = ^ e(7r)AoA^(i)7 <S) A^(2)e ® . . . O ^^(fc)e, 

TTGcSfc 
fc-1 

B = ^ Y^{-l)-h{Tr)Ao-f . . . (g) ^^(i)^^(i+i)e (g) . . . A^^^^e, 

(Remember that Aj's have been chosen to be invariant under 7.) By re- 
placing TT in A by vrr where r is a cyclic permutation, we could rewrite it 
as 

A = ^ (-l)^'+ie(7r)Ao^^(fc)7 ® A{i)e • • • ® ^^(fc-i)e. 

Thus 

A + C = J^ i-l)''+h{7r){Ao, A^^k)h ® ^^{i)e «> • • • ® ^^{fc-i)e 

or in HH^{Gv{B{M)), it is represented by 

^ (-l)'=+ie(^){/o, /^(fe)}7 ® /^(i)e ® . . . O L(k-i)e- 

For any permutation vr for which 7r(n) = i is fixed, the image of the tensor 

(-l)'=+^e(7r){/o, /^(fc)}7 ^ L(i)e ®...® L(k-i)e 
under x of Theorem [11] is the same namely 
1 



k-V. 



{-info,fi}dfidf2...dfi...dU 



(Again remember that all the /^'s are F^ invariant.) There are (A: — 1)! 
permutations such that for a fixed i, 7r(n) = i, and therefore the parts 
corresponding to A and C in d^ become 

Y, (-irH/o, fi}dfi A . . . A d/, . . . A d/fc. 

l<i<fc 
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The summand B pairs each n with the transpositions 7r(ii+l) 

-. k-l 

^ = 2 ^ l](~^)~^^('')^o^ «) . . . ® {^^(i), ^^(i+i)}e (8) . . . ® A^^k)e 

and so (j(B) = i ^^^^^ Eti'(-l)'"'e(^)/o7C5 . . . C5 {/^(i), /.(^+i)}e0 . . . ® 
/jr(fc)e. All pairs (tt, i) such that the set {7r(i),7r(i — 1)} is the same as the 
set {m,n}, m < n have the sane image under x^ namely the form 

^—r^, — fod{fm, /„} A d/i A . . . A d/™ A . . . A 4f„ A . . . A dfk. 
k — l 

As there would be 2{k — 1)! such pairs for each {m, n}, the terms in B would 
map to the remainder of 5 

{-iy+'-'fod{n, fj} A d/i A ... 4 A ... d/,- A ... A dfk. 



l<i<j<k 



n 



Corollary 11.2. We have 

(7) 

where k^ = dim{M^). 

Proof. Since the T^ action on T*A'P/{Qi} is by symplectomorphisms, all 
7 G r commute with the symplectic * operator and therefore with the 
operator 5. Hence by Theorem 13.31 and the previous proposition, E'? ~ 

r2fc-,-*/c* A/r7 s^ Cl\r-, 



We now observe that the differential d^ for this spectral sequence vanishes. 
The E^ can be given a Z bigrading with E^ ^ be k-forms of homogeneity / 
on r*(Af){0}. Then the differential d^ = 6 maps Ef^ -^ £^fc-i«-i- This is 
because the Poisson bracket decreases the homogeneity by 1. But on Ej^^ by 
110.41 we have 

6e{a) + e{a)6 = C3 + n — k = I + n — k. 

Thus unless I = k — n there is a contraction for 5 

onEp . Therefore the only nonzero terms on E'^^ 

correspond to I = n — k. The differential d'^ must either start or end in a 
term. □ 

Since the Hochschild homology groups are finite dimensional, the Hochschild 
cohomology groups are the dual of the Hochschild homology groups. We still 
write down explicitly HH^{B{M)), the space of traces on B{M) 

Corollary 11.3. We have HH^{B{M)) = J2{^) HoiS*^ x S^). hence its 
rank is the number of path components of S*M^ . 
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Proof. We have HHo{B{M))^ = H^^-'{S*M^ x 5), because the action of T 
on S*M is orientation preserving. By Poincare duahty, H '^ {S* M'^ x S^) = 
H^{S*M'y X 5I). D 

To compute the cychc homology, we use Connes' SBI exact sequence: 

... 4 HHn{B{M)) 4 HCn{B{M)) 4 HCn-2{B{M)) 4 HHn-i{B{M)) ^ . 

Here the connecting morphism B : Tot{B^{B{M))) -^ 'H^{B{M))[-l] is the 
cychc boundary map B. 

Proposition 11.4. The connecting morphism B in the SBI exact sequence 
for B{M) vanishes and hence, 

HCk{B{M){M)) = ^HHk^2jiBiM)iM)). 
j>o 

Proof. Since B{M) is unital, B is induced from a chain map 

Tot{B,{B{M))) -^ n.{B{M))[-l] 

that respects the filtration on both the source and the range complex. Thus 
B induces a map on the spectral sequence EC* of Tot{B^{B)) into spectral 
sequence EH* of ?^*(0(M) )[—!]. The induced map on EC^ — t- EH^ when 
identified with the space of differential forms is the deRham differential d 
which vanishes on E"^. 

d : ECli ®j Vt^-'^^[S*NP x 5^)1^^^ -^ EHIiVL^+^{S*AP x S^fi\ 

For the EC term to contribute to nonzero homology, / = 2k^ — k, where 
as for the EH term I = 2k^ — k — 1. 

The formula for HCk{B) then follows from the SBI sequence. D 

We can note that the map induced by B on EH^ is a differential implies 
in particular that 

Corollary 11.5. HPj{B{M)) = Y.^^^HH,_2kiB{M)). 

References 

[1] M.F. Atiyah and R. Bott, A Lefschetz fixed point formula for elliptic complexes. I, 
Ann. of Math. 86 (1967), 374-407. 

[2] M. F. Atiyah and I. M. Singer, The index of elliptic operators IV, Ann. of Math. 93 
(1971), 119-138. 

[3] P. Baum and A. Connes, in Operator algebras and applications, Vol. 1, 1-20, Cam- 
bridge Univ. Press, Cambridge, 1988; MR0996437 (91i:46083) 

[4] M.-T. Benameur and V. Nistor, Homology of complete symbols and Noncommuta- 
tive geometry, in Collected papers on Quantization of Singular Symplectic Quotients, 
Landsman, Pfiaum, and Schlichenmaier Ed., pp. 21-47, Progress in Math., Birkhauser, 
2001. 

[5] J. Briining and E. Heintze, Representations of compact Lie groups and elliptic opera- 
tors. Invent. Math., 50, 1978/79, no.2, 169-203, 

[6] J.-L. Brylinski, A differential complex for Poisson manifolds, J.Difl. Geom. 28 (1988), 
93-114. 



EQUIVARIANT HOMOLOGY FOR PSEUDODIFFERENTIAL OPERATORS 25 

[7] J.-L. Brylinski and E. Getzler, The homology of Algebras of Pseudo-differential Symbols 

and the Noncomm,utative Residue, Tf-Theory 1 (1987), 385-403. 
[8] J.-L. Brylinski and V. Nistor, Cyclic cohomology of etale groupoids, iiT-Theory 8 (1994), 

no. 4, 341-365. 
[9] A. Connes, Sur la theorie noncommutative de I'integration, In P. de la Harpe, editor, 

Algebres d'Operateurs, volume 725 of Lecture Notes in Math., pages 19-143. Springer- 

Verlag, Berlin-Heidelberg-New York, 1979. 
[10] A. Connes, Noncom.mutative differential geom,etry, Publ. Math. IHES 62 (1985), 41- 

144. 
[11] A. Connes. Noncomm,utative Geometry, Academic Press, New York - London, 1994. 
[12] A. Connes and H. Moscovici, Geom. Fund. Anal. 5 (1995), no. 2, 174-243; 

MR1334867 (96e:58149) 
[13] S. Dave, An equivariant non-commutative residue and an equivariant Weyl's theorem, 

priprint 
[14] J.J Duistermaat and V. Guillemin, The spectrum of positive elliptic operators and 

periodic bicharacteristics, Invent. Math. 29, (1975), no. 1, 39-79. 
[15] A. Grothendieck, Produits tensoriels topologiques et espaces nuclaires, Mem. Amer. 

Math. Soc. 1955 (1955), no. 16, 140 pp. 
[16] V. Guillemin, A new proof of Weyl's formula on the asymptotic distribution of eigen- 
values, Adv. in Math. 55, (1985) , 131-160. 
[17] L. Hormander, The analysis of linear partial differential operators, Classics in Math- 
ematics, Springer- Verlag, Berlin, 2003. 
[18] M. Karoubi, Formule de Runneth en homologie cyclique., C. R. Acad. Sci. Paris Ser. 

I Math. 303 (1986) no. 13, 595-598. 
[19] M. Karoubi, Homologie cyclique et K -theorie, Asterisque, 149 (198), 147 pp. 
[20] J-L Loday, Cyclic homology, A Series of comprehensive studies in Mathematics 301, 

(1992). 
[21] S. Mac Lane, Homology, Springer- Verlag, Berlin-Heidelberg-New York, 1995. 
[22] R. Melrose and V. Nistor, Homology of pseudodifferential operators I. Manifolds with 

boundary, 
[23] V. Nistor, Group cohomology and the cyclic cohomology of crossed products. Invent. 

Math.,V 99, (1990), 411-424 
[24] H. H. Schaefer and M. P. Wolff, Topological vector spaces. Second edition. Springer, 

New York, 1999; MR1741419 (2000j:46001) 
[25] M. A. Shubin, Pseudodifferential operators and spectral theory. Springer Verlag, 

Berlin-Heidelberg-New York, 1987. 
[26] R. T. Seeley, Complex powers of an elliptic operator, Proc. Symp. Pure Math. 10, 

(1967), 288-307. 
[27] M. Wodzicki, Noncommutative residue. I. Fundamentals, K-theoiy, arithmetic and 

geometry (Moscow, 1984-1986), Lecture Notes in Math. 1289, 320-399, Springer, 

Berlin, 1987. 
[28] M. Wodzicki, Excision m cyclic homology and m rational algebraic K-theory. Annals 

of Mathematics, 129:591-640, 1989. 

University of Vienna, Austria 

E-mail address: shantanu.dave@unvie.ac. at 



